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LETTER TO THE EDITOR 

Symmetry of the Calogero model confined in the harmonic 
potential-Yangian and W algebra 

Kazuhiro Hikamit 
Depxtment of Physics, Faculty of Science. University of Tokyo. Hongo 7-3-1, Bunkyo, 
Tokyo 113, Japan 

Received 18 November 1994 

Abstract The W(Y) Calogero model confined in the harmonic potential is considered. We 
show that the model has Yangian symmetry Y(su(v) ) .  Unifying with the creatian-unnihilation 
opentors which constitute the S U ( Y )  loop algebra. we reveal the algebebnic structure of this 
system. The relation with the energy spectrum is also discussed. 

Yangian symmetry has received much interest in a recent development of mathematical 
physics. The Yangian was first introduced by Drinfeld [I] as the Hopf algebra of a quantum 
group (for a review see [2,3]). This symmetry is accompanied by Yang's R-matrix, which 
is a rational solution of the quantum Yang-Baxter equation 

Riz(u)R13(u + ~)Rz,(u) = R z ~ ( u ) R I ~ ( ~  + ~ ) R i z ( u ) .  (1) 

The Yangian Y(su(u) )  are defined by taking the two lowest generators Qf' and ayb, 
which satisfy the following relations: 

[Q$P Qid] = 8 Qo 8 Qo 

[Q:b, [Qid+ Qf l ]  - Leyb, [Qkd. QY']l 

( 2 4  

(2b) 

= +a2 ([Qib9 [ ( Q o Q d e d ,  (QoQo)"]] - [ (QoQoY~, (QoQo)'~]]) (24 

in which, for the sake of brevity, we denote (QoQo)ub as E;=, Q y Q i b .  The third 
equation (2c) is called the 'deformed' Serr.6 relation. This relation indicates that the Yangian 
Y(su(w)) is not the Lie algebra, but a generalization of the Lie algebra with the 'deformation' 
parameter a. Note that in the limit a + 0 the Yangian Y(su(v)) reduces to su(v) loop 
algebra. The Hopf cc-multiplication is given by 

bc ud - da cb 

[Q$, Qid] = 6"Q;" -8"Q~h 

AQ$' = Qih @ I + 1 $3 Qib 
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Recently the Yangian Y(su(u))  has been used in the one-dimensional quantum su(v )  
spin system with inverse-square interactions. There are two types of the integrable and 
dynamical N-body spin systems [U], whose Hamiltonians are given by 

We call (3) and (4) the Calogero-type and the Sutherland-type model, respectively. Here and 
hereafter we use X a h  = la)(bl (for a, b = I , .  . . , U) as a basis of the su(v)  spin operators. 
In terms of this basis we can  denote the permutation operator Pjk by 

p. - 2 XYhXb" k '  
J k  - 

o b 1  

The symmetries of these two dynamical spin systems are different. While the Calogero-type 
(3) constitutes the su(u) loop algebra [71, the Sutherland-type (4) has the Yangian Y(su(u))  
structure IS-IO]. 

In this tetter we consider the su(u) Calogero model confined in the external harmonic 
potential (the confined su(v)  Calogero model, for short). The Hamiltonian is written as 

First we shall show that this model remains to be integrable. The integrability can be shown 
based on the Lax formalism. We set N x N operator-valued matrices as follows: 

Qjk = 8 j ~ ~ j .  

In terms of these matrices, Land Q, we define for our convenience L* = LF oQ. Matrices 
L* satisfy the quantum Lax equation 

N 
['U, 4f] = ~ ( L ~ M I I .  - MjiG?) A ~ w L ;  

I=I 

=[L*,MTjk&2wL$. (6) 
Using the Lax equation (6) and the 'sum-to-zero' condition, ck Mjk = cj Mjx = 0, one 
can find that the operators defined by 

T,"" = X;~( (L+L- )" ) ,~  (7) 
j . k  

commute with the Hamiltonian, ['U, T,"] = 0. This fact proves the quantum integrability of 
the confined su(u) Calogero model (5 )  in the Liouville sense. Notice that the wavefunctions 
can be derived explicitly in the forms of integral representation [ I  I ,  121. 
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We shall show that the confined su(u)  Calogero model ( 5 )  has the Yangian symmetry 
as in the case of the Sutherland-type model (4). To begin with, we define several generators 
as follows: 

Jih=CXoh- a2 - h C ' ( X j X k ) Y h ( - ( L + a )  1 - 
ax; j .k  x j  - x k  ax j  axk ( x j  - Xk)' i 

Here we have used notation, = xi=, X Y X , p h ,  etc. The symbol E' means any 
two summation indices does not coincide. The generators J,"b are the conserved operators 
of the Calogero-type (3), and generally defined by J,$' = xj.k X,"'(Ln)jk. These generators 
satisfy the commutation relation of the loop algebra [7] 

(1 1) 

Further we have another simple representation of the su(u)  loop algebra. One sees that 
generators KZb, defined by 

[J,"h7 J i d ]  = JhcJ,$m - J d a J c b  n+m ' 

also constitute the loop algebra, 

(13) 

Based on our generators ( J f h ,  K$') we can see the Yangian symmetry of the Sutherland- 
type 191. It is interesting that one has another representation of the Yangian Y ( s u ( u ) )  from 
these generators {J,"b, K i h } .  After lengthy calculation we find that geaerators and Q;* 
are defined by 

[K:'. K i d ]  = S hc K,,, ad - JduKch "h ' 

satisfy the Yangian's relations (2) with a2 = 4hZw2. As the generators Q$ and QYh are the 
conserved operators of 'H, ['H, e$'] = ['H. Qyh] = 0, one can conclude that the confined 
su(u) Calogero model has the Yangian symmetry as in the case of the Sutherland-type (4). 
In cases of A = 0 ('coloured' harmonic oscillator) and w = 0 (Calogero-type model) the 
Yangian symmetry U ( s u ( v ) )  reduces to the su(u) loop algebra. 

The Yangian symmetry for the confined su(u)  Calogero model can be shown directly 
by constructing the transfer matrix T(u) .  For this purpose, we introduce operators [ 13.61, 

where operator K j k  exchanges the positions x j ;  Kjrxj  = x k K j k .  These operators D: are 
called the Dunkl operators in mathematical literature. The Dunkl operators satisfy the 
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following relations: 
[DF,  D f ]  = 0 

KjkDj - k J k  * - D * K .  

[D,:, Dk+] = 2hoKj1: for j # k 

From these relations we have the identity, 

(18) 
Following the method of [9] we define the projection x ,  which replace the exchange operator 
Kjk by permutation operator Pjk after it has  been moved to the right of an expression. Then 
we have the transfer matrix 

N 

j = l  

Here we denote the auxiliary space as 0. By using identity (18) we can obtain the Yang- 
Baxter equation for the transfer matrix T(u), 

&(U - U)TO(U)TCP(U) = Tr~(u)To(u)b(u  - U ) .  

!&(U) = U + 2 h o P w .  

(20) 

(21) 
By the definition of Drinfeld [ I ]  we can conclude, in fact, that the transfer matrix T ( u )  of 
the confined su(u)  Calogero model has a structure of Yangian Y(su(u)) .  When we expand 
T(u) in U as T ( u )  = C20u-'-1Tk, generators ( Q E b .  Q 7 b ]  in (14) and (15) can be obtained 
from {TO, TI).  

Besides the trivial conserved operators defined by &k((L+L-)")jk, we have the 
generating function of the conserved operators. The bilinear relation (20) shows that the 
,generating function of the Yangian-invariant operators is given by a quantum determinant 
of Vu) ,  
qDet T(u)  (2.2) 

of T(u), 

Here matrix R is the rational solution of the Yang-Baxter equation ( I )  

C ( - ) ' T 1 n ( 1 ) ( ~ ) T 2 u ( 2 ) ( ~  + 2hw). . . T""(")(u + 2(n - 1)h.o). 
n 

This quantum determinant is indeed a centre of Yangian and commutes with all elements 

[qDetT(u),T(u)l = 0 .  (23) 
We have seen that the conserved operators of the confined su(u)  Calogero model have 

the Yangian symmetry. We stress that not only the Yangian U(su(u)) but the original su(u)  
loop algebras are included in this model. We introduce the creation-annihilation operators 
of the Hamiltonian 71. We denote them as E,*, and set 
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One finds that two sets of generators Bn*, which are defined by B$ = & X;h((L*)”),~, 
constitute the su(u) loop algebra, 

(26) 

[E, BZi] = & 2 n o B : ~ .  (27) 

k od - g d o ~ e h  
[B:L B 2 1 =  8 4 + m *  n+m*.  

The meaning of the generators Bn* will be clear from the relation 

This commutation relation shows that generators B,, are the creation-annihilation operators 
for the Hamiltonian of the confined Calogero model. 

It has been revealed that the confined su(w) Calogero model realizes algebra including 
both the Yangian and two sets of the loop algebra as subalgebra. We should note that the 
Yangian and the loop algebra are not independent of each other. This can be checked from 
the fact that the Yangian’s generator QYb can be defined by the use of B,*: 

[By:, Bff] + [BP!, Bf:] = 2(SbCQ;ld - S d o Q c b )  I ’  (28) 

(29) 

We also have the ‘Serr6-like’ relation, 

[Qtb, [B;; + B;$. B7i + Big]] - [E:: + B g ,  B: i  + B;;]] = 0 .  
Under the condition of (Z), (26), (28)  and (29), we can consistently define algebra constructed 
from three generators, (b. Bg+]. This algebra includes two sets of loop algebra (B,,*], and 
Yangian [Qn]. The situation of these generators is drawn in figure 1. In this sense the algebra 
constructed here might be regarded as W-algebra with ‘deformed‘ Lie algebra which has 
Hopf structure [14,15]. Notice that the U(1) current realizes the W, algebra in the limit 
N + 00 [16]. 

The energy spectrum of the confined su(u)  Calogero model (5) can be obtained by using 
creation-annihilation operators Bm* [6,1 I]. Due to these generators the energy spectrum 
has a simple form, 

E - E o = . h o C z + 2 w C k N k .  (30) 
KzO 

Here Cz is an eigenvalue of the second Casimir operator C : , , ( J o J o ~ ,  and Nk are non- 
negative integers. From the point ofthe Yangian symmetry (20) the confined s u ( u )  Calogero 
model is classified by deformation parameter A x o, but its energy spectrum depends not 
only on A x o but on w. This fact will help us to understand the relationship between the 
Yangian symmetry Y(su(v))  and the Wess-Zumino-Witten theory [17. 181. 

We have established the structure of the confined su(v) Calogero model. We have 
constructed algebra, which includes the Yangian Y(su(u) )  and su(u) loop algebras as 
subalgebras. When we change a basis of algebra from {BO, El*) to (Jo, JI, K, 1, one can 
combine the Calogero-type (3) and the Sutherland-type (4) [7]. 

Loop Yangian 
Loop 

Figure 1. The genemion QiL and 6:; have been plotted. The 
x- and y-axes represent Laurent mode and conformal spin of 

QO genentors, respectively. 
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It is also known that the lattice integrable spin system of the HaldaneShastry 
type [ 19,201 can be obtained from the confined su(u) Calogero model discussed in this 
letter. Such lattice spin model, which may be called the Polychronakos-Frahm spin model, 
is not translationally invariant, but preserves Yangian symmetry. As in the case of the 
confined Calogero model the Hamiltonian of Polychronakos-Frahm spin model can be 
identified with the Virasoro generator Lo as well, and its partition function in large-N limit 
coincides with the Virasoro character formula for level-1 wzw theory [ZI]. This agrees with 
the result of [I71 that the Yangian invariant system can be embedded in the WZW theory, 
and that the Virasoro generator Lo is the first conservative of Yangian currents. 

The author would like to thank M Wadati for critical reading of the manuscript. Thanks are 
also due to D Bernard, D Haldane, and E K Sklyanin for stimulating discussions. 
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